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Abstract
The aim of this work is to obtain very general characterizations for uniform exponential stability of variational difference
equations, using Banach sequence spaces. We prove that a system of variational difference equations is uniformly exponentially
stable if and only if there is a Banach sequence space B, with certain properties, such that the set of all vectors with the
corresponding orbits contained uniformly in B is of the second category. We apply our result at the study of the uniform exponential
stability of linear skew-product flows.
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1. Introduction
In recent years, the theory of Banach function spaces has proved to be an elegant tool in investigations concerning
the asymptotic properties of evolution equations (see [1,4–6,9,11]). A spectacular idea was introduced by Neerven in
[5], where he proved that a C0-semigroup on a Banach space X is uniformly exponentially stable if and only if there
exists a Banach function space B with the property that the fundamental function FB has the limit limt→∞ FB(t) = ∞,
such that for every x ∈ X the orbit t → ‖T (t)x‖ belongs to B . This idea was continued and generalized in [6], where
the author characterized the uniform exponential stability of semigroups in terms of functionals on function spaces.
The main result in [5] was generalized in [4] for the case of uniform exponential stability of linear skew-product flows,
using Banach sequence spaces and Banach function spaces. The main result in [4] states that a linear skew-product
flow π = (Φ, σ ) on X × Θ is uniformly exponentially stable if and only if there exists a Banach sequence space
(B, | · |B) with the property that the fundamental function satisfies limn→∞ FB(n) = ∞ and infn∈N |χ{n}|B > 0 such
that for every (x, θ) ∈ X × Θ the orbit n → ‖Φ(θ, n)x‖ belongs to B uniformly in θ . Using this characterization
we have proved the analogous condition for uniform exponential stability in terms of Banach function spaces. The
theory of sequence spaces was exploited in [9], where we characterized the uniform exponential stability of difference
equations in terms of input–output conditions with sequence spaces and we applied them in the study of the robustness
of difference equations. Significant results on stability were also obtained in [2,3,7,8,10].
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In this work we consider and treat a new case: the stability of systems of variational difference equations. We
propose a unified study concerning the uniform exponential stability of variational difference equations, using the
theory of Banach sequence spaces. We consider a general class of Banach sequence spaces (B, |·|B) with the properties
infn∈N |χ{n}|B > 0 and supn∈N |χ{0,...,n}|B = ∞ and we prove that a system of variational difference equations is
uniformly exponentially stable if and only if there exists a Banach sequence space B with the above properties such
that the set of all vectors with the corresponding orbits contained uniformly in B is of the second category. We apply
our result and we deduce characterizations for uniform exponential stability of linear skew-product flows, generalizing
the main results in [4].
2. Exponential stability for variational difference equations
Let X be a real or a complex Banach space. Throughout this work, the norm on X and on L(X)—the Banach
algebra of all bounded linear operators on X—will be denoted by ‖ · ‖.
Let (Θ , d) be a metric space. Let J ∈ {N, Z} and let σ be a discrete flow on Θ , i.e. σ : Θ × J → Θ , σ(θ, 0) = θ
and σ(θ, m + n) = σ(σ(θ, m), n), for all (θ, m, n) ∈ Θ × J 2.
Let {A(θ)}θ∈Θ ⊂ L(X). We consider the linear system of variational difference equations
x(θ)(n + 1) = A(σ (θ, n))x(θ)(n), ∀(θ, n) ∈ Θ × N. (A)
The discrete cocycle associated with the system (A) is
Φ : Θ × N → L(X), Φ(θ, n) =
{
A(σ (θ, n − 1)) . . . A(θ), n ∈ N∗
I, n = 0
where I denotes the identity operator on X .
Remark 2.1. It is easy to see that Φ(θ, m + n) = Φ(σ (θ, n), m)Φ(θ, n), for all (θ, m, n) ∈ Θ × N2.
Definition 2.1. We say that the system (A) is uniformly exponentially stable if the discrete cocycle associated with
(A) is uniformly exponentially stable, i.e. there are two constants K , ν > 0 such that ‖Φ(θ, n)‖ ≤ K e−νn, for all
(θ, n) ∈ Θ × N.
For the definitions of Banach sequence spaces and Banach function spaces used in this work and for their properties
we refer the reader to [4]. If E ⊂ N, we denote by χE the characteristic function of E .
Theorem 2.1. The system (A) is uniformly exponentially stable if and only if there is a Banach sequence space
(B, | · |B) with the properties
α := inf
n∈N |χ{n}|B > 0 and supn∈N |χ{0,...,n}|B = ∞
such that the set S = {x ∈ X : supθ∈Θ |sx,θ |B < ∞} is of the second category, where for every (x, θ) ∈ X × Θ ,
sx,θ : N → R+, sx,θ (n) = ‖Φ(θ, n)x‖.
Proof. Necessity. This immediately follows on observing that for B = p(N, R), with p ∈ [1,∞), we have that
S = X .
Sufficiency. For every k ∈ N∗, we consider the set Sk = {x ∈ X : supθ∈Θ |sx,θ |B ≤ k}. Since S =
⋃∞
k=1 Sk and
using the hypothesis we deduce that there exists p ∈ N∗ such that the interior of S p is not empty. It follows that there
are x0 ∈ X and r > 0 such that
D(x0, r) := {x ∈ X : ‖x − x0‖ ≤ r} ⊂ S p.
Let (x, θ) ∈ D(x0, r) × Θ and let n ∈ N. Since x ∈ S p there exists a sequence (yk) ⊂ Sp such that yk −→
k→∞ x . We
have that
χ{n}( j)‖Φ(θ, n)x‖ ≤ syk ,θ ( j) + χ{n}( j)‖Φ(θ, n)(x − yk)‖, ∀ j, k ∈ N.
This implies that
|χ{n}|B‖Φ(θ, n)x‖ ≤ |syk ,θ |B + |χ{n}|B‖Φ(θ, n)(x − yk)‖, ∀k ∈ N. (2.1)
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Since (yk) ⊂ Sp , from relation (2.1) it follows that
‖Φ(θ, n)x‖ ≤ p
α
+ |χ{n}|B
α
‖Φ(θ, n)(x − yk)‖, ∀k ∈ N. (2.2)
For k → ∞ in (2.2) we obtain that
‖Φ(θ, n)x‖ ≤ p/α, ∀n ∈ N,∀(x, θ) ∈ D(x0, r) ×Θ .
This implies that for every (θ, n) ∈ Θ × N, we have that∥∥∥∥Φ(θ, n) r x‖x‖
∥∥∥∥ ≤
∥∥∥∥Φ(θ, n)
(
x0 + r x‖x‖
)∥∥∥∥+ ‖Φ(θ, n)x0‖ ≤ 2 pα , ∀x ∈ X, x = 0. (2.3)
Setting L = (2 p)/(αr) from relation (2.3) it follows that ‖Φ(θ, n)‖ ≤ L, for all (θ, n) ∈ Θ × N.
According to our hypothesis, there is an h ∈ N∗ such that
|χ{0,...,h}|B ≥ (2eLp)/r. (2.4)
Let (x, θ) ∈ D(x0, r) ×Θ and let (zk) ⊂ Sp with zk −→
k→∞ x . From
‖Φ(θ, h)zk‖χ{0,...,h}( j) ≤ L‖Φ(θ, j)zk‖, ∀ j, k ∈ N
we obtain that
‖Φ(θ, h)zk‖|χ{0,...,h}|B ≤ L|szk ,θ |B ≤ Lp, ∀k ∈ N. (2.5)
For k → ∞ in (2.5) and using relation (2.4) it follows that
‖Φ(θ, h)x‖ ≤ r/(2e), ∀(x, θ) ∈ D(x0, r) ×Θ . (2.6)
Using arguments similar to those in the proof of relation (2.3), from relation (2.6), we deduce that
‖Φ(θ, h)‖ ≤ 1/e, ∀θ ∈ Θ . (2.7)
Setting ν = 1/h, K = Le and using relation (2.7) we have that
‖Φ(θ, n)‖ ≤ K e−νn, ∀(θ, n) ∈ Θ × N
so the system (A) is uniformly exponentially stable. 
Corollary 2.1. If supθ∈Θ ‖A(θ)‖ < ∞, then the system (A) is uniformly exponentially stable if and only if there exist
a Banach sequence space (B, | · |B) with the properties
α := inf
n∈N |χ{n}|B > 0 and supn∈N |χ{0,...,n}|B = ∞
and an unbounded sequence (kn) ⊂ N with supn∈N |kn+1−kn| < ∞ such that the set U = {x ∈ X : supθ∈Θ |ux,θ |B <
∞} is of the second category, where for every (x, θ) ∈ X ×Θ , ux,θ : N → R+, ux,θ (n) = ‖Φ(θ, kn)x‖.
Proof. Necessity is immediate.
Sufficiency. Using arguments analogous to those in the proof of Theorem 2.1, it follows that there is an L > 0 such
that ‖Φ(θ, kn)‖ ≤ L, for all (θ, n) ∈ Θ × N. Setting M = 1 + supθ∈Θ ‖A(θ)‖ and h = supn∈N |kn+1 − kn| we
deduce that ‖Φ(θ, j)‖ ≤ Mh L, for all j ≥ k0 and all θ ∈ Θ . This implies that ‖Φ(θ, n)‖ ≤ max{Mh L, Mk0 }, for all
(θ, n) ∈ Θ×N. Continuing in the same manner as in the previous proof, we obtain that (A) is uniformly exponentially
stable. 
3. Applications for uniform exponential stability of linear skew-product flows
Let X be a real or a complex Banach space and let I be the identity operator on X . Let (Θ , d) be a metric space,
let E = X ×Θ and let J ∈ {R+, R}. We say that a continuous mapping σ : Θ× J → Θ is a flow onΘ if σ(θ, 0) = θ
and σ(θ, t + s) = σ(σ(θ, t), s), for all (θ, t, s) ∈ Θ × J 2.
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Let σ be a flow on Θ . A pair π = (Φ, σ ) is called a linear skew-product flow on E = X × Θ if the mapping
Φ : Θ × R+ → L(X) has the propertiesΦ(θ, 0) = I , Φ(θ, t + s) = Φ(σ (θ, t), s)Φ(θ, t), for all (θ, t, s) ∈ Θ × R2+,
and there are M, ω > 0 such that
‖Φ(θ, t)‖ ≤ Meωt , ∀(θ, t) ∈ Θ × R+. (3.1)
Moreover, if for every (x, θ) ∈ E , the mapping t → Φ(θ, t)x is continuous, then we say that π is strongly continuous.
Definition 3.1. A linear skew-product flow π = (Φ, σ ) is uniformly exponentially stable if there are K , ν > 0 such
that ‖Φ(θ, t)‖ ≤ K e−νt , for all (θ, t) ∈ Θ × R+.
Theorem 3.1. A linear skew-product flow π = (Φ, σ ) is uniformly exponentially stable if and only if there exist a
Banach sequence space (B, | · |B) with the properties
inf
n∈N |χ{n}|B > 0 and supn∈N |χ{0,...,n}|B = ∞
and an unbounded sequence (tn) ⊂ R+ with supn∈N |tn+1 −tn| < ∞ such that the set V = {x ∈ X : supθ∈Θ |vx,θ |B <
∞} is of the second category, where for every (x, θ) ∈ X ×Θ , vx,θ : N → R+, vx,θ (n) = ‖Φ(θ, tn)x‖.
Proof. Necessity is immediate.
Sufficiency. For every n ∈ N let kn = [tn] + 1. For every (x, θ) ∈ X × Θ , let ux,θ : N → R+, ux,θ (n) =
‖Φ(θ, kn)x‖. Then, using (3.1) we have that
ux,θ (n) ≤ Meωvx,θ (n), ∀n ∈ N,∀(x, θ) ∈ X ×Θ .
From this inequality we deduce that V ⊂ U := {x ∈ X : supθ∈Θ |ux,θ |B < ∞}, so U is of the second category. Then
from Corollary 2.1 it follows that there are K , ν > 0 such that ‖Φ(θ, n)‖ ≤ K e−νn, for all (θ, n) ∈ Θ × N. Using
(3.1), we obtain that π is uniformly exponentially stable. 
Remark 3.1. The above theorem generalizes Theorem 3.1 in [4].
Theorem 3.2. A strongly continuous linear skew-product flow π = (Φ, σ ) is uniformly exponentially stable if and
only if there is a Banach function space (E, | · |E ) with the properties
α := inf
n∈N |χ[n,n+1)|E > 0 and supt>0 |χ[0,t)|E = ∞
such that the set F = {x ∈ X : supθ∈Θ | fx,θ |E < ∞} is of the second category, where for every (x, θ) ∈ X × Θ ,
fx,θ : R+ → R+, fx,θ (t) = ‖Φ(θ, t)x‖.
Proof. Necessity. This immediately follows on observing that for B = L p(R+, R), with p ∈ [1,∞), we have that
F = X .
Sufficiency. BE := {(αn)n :∑∞n=0 αnχ[n,n+1) ∈ E} is a Banach sequence space with respect to the norm
|(αn)n |BE :=
∣∣∣∣∣
∞∑
n=0
αnχ[n,n+1)
∣∣∣∣∣
E
.
Since |χ{n}|BE = |χ[n,n+1)|E and |χ{0,...,n}|BE = |χ[0,n+1)|E , for all n ∈ N, according to our hypotheses on the space
E we deduce that infn∈N |χ{n}|BE > 0 and supn∈N |χ{0,...,n}|BE = ∞.
For every (x, θ) ∈ X ×Θ , let vx,θ : N → R+, vx,θ (n) = ‖Φ(θ, n + 1)x‖. Then, using (3.1) we have that
∞∑
n=0
vx,θ (n)χ[n,n+1)(t) ≤ Meω fx,θ (t), ∀t ≥ 0,∀(x, θ) ∈ X ×Θ . (3.2)
From hypothesis and using (3.2) we obtain that the set V = {x ∈ X : supθ∈Θ |vx,θ |BE < ∞} is of the second category.
Then, from Theorem 3.1 it follows that π is uniformly exponentially stable. 
Remark 3.2. Theorem 3.2 generalizes a stability theorem for semigroups proved by Neerven in [5] and extends the
main result in [6]. Moreover, Theorem 3.2 generalizes Theorem 3.3 in [4].
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